Abstract. Without imposing any curvature assumptions, we show that bounded harmonic maps with image contained in a regular geodesic ball share similar behaviour at infinity with the bounded harmonic functions on the domain manifold. §0
§0
In this note, among other things we will prove a Liouville type theorem on harmonic maps. It was first proved by Yau [Y] that any positive harmonic function on a complete noncompact manifold with nonnegative Ricci curvature must be constant. Later, Cheng [Cg] proved that any harmonic map with bounded image from a complete noncompact manifold with nonnegative Ricci curvature into a Cartan-Hadamard manifold must be a constant map. Using a similar method, Choi [Ch] was able to generalize Cheng's result. He showed that any harmonic map from a complete noncompact manifold with nonnegative Ricci curvature into a complete manifold with sectional curvature bounded from above by K > 0 is a constant map, provided that the image of the harmonic map lies inside a regular geodesic ball (see Definition 1.3). It was proved by Kendall [Ke] that the result is still true by only assuming the domain manifold supports no nonconstant bounded harmonic functions. If we relax the condition that the manifold has nonnegative Ricci curvature outside a compact set, then the theorem of Yau [Y] is no longer true. In fact, the behavior of bounded and positive harmonic functions on a complete noncompact manifold with nonnegative sectional curvature outside a compact set has been studied thoroughly in [L-T 1] . One of the results in [L-T 1] is that if M has nonnegative sectional curvature outside a compact set, then M has finitely many ends (see §1), and a bounded harmonic function defined near the infinity on an end will be asymptotically constant. There are many kinds of manifolds which satisfy the same property. See the examples in §1. One of the main results we obtain in this note is that if every bounded harmonic function defined near infinity of an end of a manifold M with respect to some compact set is asymptotically constant, then every bounded harmonic map from M into a regular ball of another manifold is also asymptotically constant at the infinity of each end. There is no curvature assumption on M . Moreover, such a map will have finite total energy. We will also discuss some properties of bounded harmonic maps from such a manifold into a complete noncompact manifold with nonnegative sectional curvature. We will also prove some existence and uniqueness results on harmonic maps. All manifolds in this paper are assumed to be connected.
We 
Proof. Since lim inf x→∞,x∈E g j (x) = 0 for all j, so lim inf x→∞,x∈E g(x) ≥ 0. Suppose the lemma is not true. Then there is > 0 such that
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Let o be a fixed point in M . Then there is R 0 such that for all 1 ≤ j ≤ k, for all x ∈ E with r(x) ≥ R 0 , where r(x) is the geodesic distance from x to o, we have
(1.4)
For each R > R 0 , and for each j, let h R,j be the harmonic function defined on
By the assumptions of the lemma, h j is asymptotically constant at infinity of E, so
for some nonpositive constant a j . However, by (1.4) and the definition of h R,j , 
Lemma 1.2 is basically due to Kendall [Ke] , but the method is different. In Lemma 1.2, the assumption is weaker in the sense that there may be bounded harmonic functions defined at the infinity of M which is not asymptotically constant at infinity. However, we have the following: Proof. Suppose every bounded harmonic function on M is asymptotically constant at infinity of E. Since M has at least two nonparabolic ends, by [L-T 4] , there is a nonconstant bounded harmonic function f on M such that 0 < f < 1 and lim sup x→∞, x∈E f(x) = 1. By the assumption, we have lim x→∞, x∈E f(x) = 1. Hence 1 − f is a positive harmonic function on M such that (1 − f ) → 0 at the infinity of E. Let g be a harmonic function defined near the infinity of E. We can extend g to be a bounded function which is harmonic outside a compact set. For R > 0, let h R be the harmonic function defined on B o (R), such that h R = g on ∂B o (R), where o is a fixed point. There exists R i → ∞ such that h Ri converges to a bounded harmonic function h on M . Since h Ri are uniformly bounded on compact
Since (1 − f) → 0 at the infinity of E and h is asymptotically constant at the infinity of E, so g is also asymptotically constant at the infinity of E. The converse is obvious.
Using the above results, we generalize Liouville theorems on harmonic maps of Cheng [Cg] , Choi [Ch] and Kendall [Ke] . Let us first introduce the following definition. 
b) Let D be a bounded domain in M . Suppose E is an end of M such that every bounded harmonic function defined near the infinity of E is asymptotically constant. Then every harmonic map from E into a regular geodesic ball of N is asymptotically constant at infinity of E.
Proof. (a) was proved in [Ke] by using Lemma 1.2. To prove (b), let u be a harmonic map from E into a regular geodesic ball
is convex in B p (R). Therefore Ψ q (u(x)) is a bounded subharmonic function in E by [Go] . Let c q = lim sup x→∞, x∈E Ψ q (u(x)) and let g q (x) = c q − Ψ q (u(x)). So g q is bounded and superharmonic, and lim inf x→∞, x∈E g q (x) = 0. By Lemma 1.1, it is easy to see that for all > 0 and for any finitely many points q 1 , . . . , q k ,
Consider the family F of subsets A(p, ) of K, for q ∈ K and > 0, where
By (1.6) and the definitions of K and g q , we see that the intersection of finitely many A(p, ) is nonempty. By the compactness of K, there is q 0 ∈ A(q, ) for all q ∈ K and for all > 0. In particular, we have c q0 − Ψ q0 (q 0 ) ≤ 0. Note that if M has only one nonparabolic end, and M satisfies the condition of the corollary, then M has no nonconstant bounded harmonic function. See [L-T 2] .
The method of proof in Theorem 1.4 can be applied to harmonic maps into a complete manifold with nonnegative sectional curvature. Let N be a complete noncompact manifold with nonnegative sectional curvature. Let p ∈ N , and let γ be a ray emanating from p parametrized by arclength. Let β γ be the Busemann function of γ. That is, β γ (x) = lim t→∞ (t − d(x, γ(t) )). Let β p = sup γ β γ , where the supremum is taken on the set of all rays γ from p. It is well known that β p is a convex function which is Lipschitz with Lipschitz constant equal to 1; see [C-G] . Moreover, β p (p) = 0. K 2] . This is also true for M which is quasi-isometric to M . See [S] .
(2) Let M be a complete noncompact manifold which is quasi-isometric to a complete manifold with nonnegative Ricci curvature outside a compact set; then M has finitely many ends. If in addition, M has finite first Betti number, then each end satisfies the condition in Theorem 1. 4 (b) . See [L-T 5] , [Cai] , and [Liu] . We may relax the condition on the Ricci curvature, provided the manifold satisfies certain conditions on volume comparison. If the condition on the first Betti number is removed, then in some cases, M still satisfies the condition in Proposition 1.3. See [L-T 5] for more details. §2
In this section, we will prove an existence theorem on harmonic maps and will give more information on bounded harmonic maps considered in §1. Proof. The theorem can be proved as in [A-C-M] using the result of [H-K-W]. To be more precise, let n be the dimension of N and let (y 1 , · · · , y n ) be the normal coordinates of B p (R) with center at p. In this coordinate system, 
, one can find a harmonic map u from M into B p (R) and a constant C such that
By the definition of h, it is easy to see that lim x→∞, x∈Ei u(x) = p i for all i = 1, . . . , l. Moreover, h has finite Dirichlet integral and hence has finite total energy; see for example [L-T 5] . By the construction of u, it is easy to see u has finite total energy.
We also have the following uniqueness result. Then u ≡ v on M .
Proof. According to [Ke] there exists a continuous nonnegative bounded convex function Ψ defined on B o (R)×B o (R) and Ψ(x, y) = 0 if and only if x = y. Consider f (x) = Ψ(u(x), v(x)). Since both u and v are harmonic maps and Ψ is convex, we conclude ∆f ≥ 0 on M. Clearly, f is bounded. Hence, f attains its maximum at the infinity of M , that is, at the infinity of some end. But the maximum cannot be attained at the infinity of a parabolic end e unless it is a constant. Otherwise sup M f − f will be a positive superharmonic function on e attaining its infimum at the infinity of e, which implies that the end e is nonparabolic. At the infinity of each nonparabolic end, from our assumption, d N (u(x), v(x)) → 0 as x → ∞. Thus, max M f = 0 and f ≡ 0 as f ≥ 0. Therefore, u ≡ v. 
